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COMPACT SETS DEFINABLE BY FREE 3-MANIFOLDS
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W. H. ROW, JRu«(1)

ABSTRACT. Shape conditions are given that force a compactum (i.e., a com=
pact metric space) embedded in the interior of a nonclosed, piecewise-linear 3«
manifold to have arbitrarily close, compact, polyhedral neighborhoods each com-
ponent of which is a 3-manifold with free fundamental group (i.e., to be definable
by free 3-manifolds). For compact, connected ANR's these conditions reduce to
the criterion of having a free fundamental group. Additional conditions are given
that insure definability by handlebodies or cubes-with-handles. An embedding of
Menger's universal 1-dimensional curve in Euclidean 3-space is shown to have
the property that all tame surfaces, separating in 3-space a fixed pair of points,
cannot be adjusted (by a small space homeomorphism) to intersect the embedded
curve in a O-dimensional set.

1. Introduction. Let X be a compact metric space and let b be a topological
embedding of X into the interior of a nonclosed, piecewise-linear 3-manifold M3,
We say h(X) is definable by free 3-manifolds if h(X) = 3‘;1 H, where H, is a
compact polyhedron in Int M3 (the interior of M3), each component of H is a 3-
manifold with free fundamental group, and H i1 CInt H.. Keep this notation fixed
throughout the introduction.

In general the embedding b may determine if h(X) is definable by free 3-mani-
folds. (See the examples in [23], [4], [5].) This paper gives shape properties of
the components of X that imply A(X) is definable by free 3-manifolds. (§4, which
deals with properties of special embeddings of 1-dimensional compacta, is an excep-
tion.) Our properties (uv(r, s; G) and UVF defined in §2) fall under the category
of *UV”’ or shape properties. We have chosen to define them in shape terms (i.e.,
ANR-sequences) rather than by neighborhood pairs (as in [19]). For embeddings
in 3-manifolds these alternatives are equivalent.
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Let us name some special 3-manifolds with free fundamental group. A compact,

piecewise-linear 3-manifold H> is a handlebody if H? is a regular neighborhood of
a finite, polyhedral, connected graph in Int H 3, An orientable handlebody is a
cube-with-handles. We say b(X) is definable by cubes-with-handles if h(X) is
definable by free 3-manifolds and in addition each component of H, (in the defini-
tion of definable by free 3-manifolds) is a cube-with-handles. Similarly we can
define definable by handlebodies, definable by 3-cells, etc.

McMillan has studied the property of being definable by cubes-with-handles
rather extensively [16], [17], [18], [19], [20], [21], [22]. If M? is orientable and X
is a 1-dimensional ANR [1], [16], a polyhedron collapsible to a 1-dimensional sub-
polyhedron [16], a UV™ set [19], or a Sierpifiski curve [22], then A(X) is definable
by cubes-with-handles. Theorem 8.1 of Craggs [6] implies that if X is a polyhedron
each component of which has free fundamental group, then A(X) is definable by
free 3-manifolds. (Craggs actually obtains a much stronger result.) McMillan [17]
had previously shown that if X is a 2-sphere then A(X) is definable by free 3-mani-
folds. In[18], [19] McMillan provides acyclicity conditions that insure h(X) is
definable by homotopy cubes-with-handles.

Theorem 15, and Corollaries 14, 16, 17, 19, 20 contain the results alluded to
in the abstract. Our main result, Theorem 15, can be regarded as a generalization
of [18, Theorem 3]. If we just consider the question of A(X) being definable by
free 3-manifolds, McMillan’s results on planar compacta [22] are the only results
mentioned that lie outside the scope of Theorem 15.

Let n be a positive integer. If the components of X are 2-spheres, diadic
solenoids, toroidal continua, or are definable by cubes with no more than » handles,
then Theorem 15 implies that A(X) is definable by free 3-manifolds. Another spe-
cial case of the following question is answered in [22]. If each component of a
compact set Y embedded in the interior of a 3-manifold is definable by free 3-mani-
folds, is Y definable by free 3-manifolds?

We will assume the reader is acquainted with regular neighborhood theory [28]
and geometric group theory [12], [15]. A good reference for algebraic topology is [25].

We will use Z p? p a prime or zero, to denote the integers modulo p (Z0 is
the integers). We only use Z p as coefficient group for homology groups. In a given
context p will remain fixed. (We also use Z;, Zyy Z as names for polyhedra.
There should be no confusion.)

We adopt the convention that unidentified arrows between homology or homotopy
groups will denote inclusion induced homomorphisms. If A — B is a homomorphism
we denote the kernel and image of A — B by ker[A — B), image[A — B, respec-
tively. We use pG to denote the rank of a group G (see §2 for the definition). Man-
ifolds are always connected, separable, metric spaces. We use dM to denote the
boundary of a manifold M.
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2. Shape properties. In this section we will show properties uv(r, s; G) and
UVF, defined below, are shape properties for compact metric spaces. We will use
the ANR-sequence approach to shape developed in [13], [14]. See p. 61 of [13] for
a complete set of the definitions involved and a comparison with Borsuk’s defini-
tion of shape [3].

Let X be a compact metric space. Then X = {Xn, pn.n+l¥ is an ANR-sequence
associated with X if X is an inverse sequence of compact ANR'’s for metric spaces
and X is homeomorphic to the inverse limit of X. We will suppress the homeomor-
phism between X and the inverse limit of X. A map of sequences f: X — Y where
Y- {Yn’ gn,n+
numbers) and a collection of maps f : X fn) = Ya such that f p f(n)f (") is homo-

1} consists of an increasing function f: N — N (N is the natural

topicto g, +f,+ forn<n'. Two maps f, gt X — Y are homotopic, [ ~ g, pro-
vided for each n in N there is an n' in N, n' > {(n), g(n), such that [l f(ny,mt o

8nP g(n) ot~ The composite gf: X = Z of : X— Y andg: Y — Z is a map of

fetn) Zy
The identity map of sequences 1y: X — X is given by 1ytN— N and 1 X, : X

sequences h: X — Z givenby h=fg:N—N andbh =g /g(n)'
n
— X,. Two metric compacta X and Y have the same sbape, Sh(X) = Sh(Y), pro-
v1ded for some ANR-sequences X and Y associated with X and Y, respectively,
there exist maps of sequences [+ X—Y and g: Y — X such that gf ~ lx and

lg ~ —-Y' We say Sh(X) fundamentally dominates Sh(Y), written Sh(X) > Sh(Y), if
in the above definition of Sh(X) = Sh(Y) we do not require 8/ ~ 1 y. Borsuk
defines Sh(X) > Sh(Y) on p. 25 of [3] and the proofs in [13] show the definitions are
equivalent for compact metric spaces. In [14] Marde$ié and Segal show the notions
of shape and fundamental domination do not depend on our choices of X and Y
associated with X and Y.

We will need the following items to define properties uv(r, s; G) and UVF.

If A is a finitely generated group let the rank of A, written pA, be the least
number of generators in a presentation of A. We will use the following properties
of rank. (J. E. Leech provided the proof of (4).) (1) If A is a finitely generated
group and f: A — B is an epimorphism then pB < pA. (2) If A and B are finitely
generated abelian groups and f: A — B is an epimorphism then pA < pB + p ker f.
(3) If A is a finite dimensional vector space over Z p» 0 @ prime, then pA = dim A.
(4) If A is a finitely generated abelian group and B is a subgroup of A then pB
< pA. (Note that each epimorphism from the free group on % elements onto A factors
through the free abelian group G, on k elements. If we consider the preimage of
B in G,, we see that pB < k.)

If ¢ A — B is a group homomorphism we say d factors through a free
group if there exist a free group F and homomorphisms d,: A — F, d,: F— B
such that d,d| = d. If X is a topological space, frequently we will use a prime,
X', to denote a component of X. If f: X — Y is a map then f': X' — Y’ will
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denote the map [|y: X' — Y' where Y' is the component of Y that contains
1x").

Ler X = {Xn, Prinst
space X. Let G be a finitely generated Abelian group. Suppose r and s are inte-

! be an ANR-sequence associated with a compact metric

gets, r> 1, and s > 0. We say X has property uv(r, s; G) if given k there exists
! such that if X is a component of X, and (p,e pX H’(XI'; G) — H'(X,:; G) is the
homomorphism mduccd by p,c p then

plpl, DulH (X3 GV <s.

X has property UVF if given k there exists I such that if X, | is a component of

; then the homomorphism (p,: l) 4 (XI, x)—w (Xk, pk I(x)), induced by pk »
factors through a free group. Note that any map f: X — X, & that is homotopic (not
necessarily keeping x fixed) to p, kI also induces a homomorphlsm that factors
through a free group. Theorem 1 shows properties uv(r, s; G) and UVF do not
depend on our choice of X.

Remark. Suppose b is a topological embedding of a compact metric space X
into the interior of a nonclosed, piecewise-linear 3-manifold M 3 and H peecsHp
«++ are compact polyhedra in Int M> such that h(X) = N, H,, each component
of H is a 3-manifold, and Hn+l ClntH . Let bn'n“: Hn+l
inclusion map. Our primary interest is in the ANR-sequence H = {Hn, b

—_ Hn denote the

!

n,n4+l
associated with X.

Note our property uv(n, 0; Z ) is equivalent to McMillan’s property n — uv(Z )
[19] for embeddings in 3-mamfolds. By using a p-adic (p a prime) solenoid type
construction with an increasing number of handles we can find a continuum that
has property uv(1, 0; Z p) but not property uv(l, k; Z q) for each %k and prime
q#bp.

Theorem 1. Properties uv(r, s; G) and UVF are shape properties and are
preserved by fundamental domination.

Proof. It suffices to show our properties are preserved by fundamental domin-
ation. Suppose Sh(X) > Sh(Y) where X and Y are compact metric spaces. Using
the notation introduced in defining Sh(X) > Sh(Y), we have maps of sequences f:
X — Y and g: Y — X such that { fg=~1 Ly It follows from the definitions that

given k, for all > f(k) there exists an n > g(l) such that

n = 1), B Agn

(i.e., g, , homotopy factors through p / (k) P
Suppose X has property uv(r, s; G). Then given k, for some / and all compo-
nents X; of X,, p(p;(k)’l)*(H'(X;; G)) < s. Hence there exists an n > g(/) such



COMPACT SETS DEFINABLE BY FREE 3-MANIFOLDS 229

that for each component Y’: of Y , p(q,:m)*(Hr(Y’:; G)) <'s. So Y has property
uv(r, s; G).

Suppose X has property UVF. Then given k, for some [ and all components
X ; of X, (p; 1), l) factors through a free group. Hence there exists an n > g(/)
such that for each component Y of Y, (q,c ) factors through a free group.
Therefore Y has property UVF.

An easy compactness argument yields

Lemma 2. Suppose X is a compact metric space and P is one of the proper-
ties uv(r, s; G) or UVF. Then X bas property P if and only if each component
of X has property P.

Theorem 3. Suppose X is a compact metric space and each component of X
bas property uv(2, s; Z ) where p =0 or a prime. Let b be a topological embed-
ding of X into the mterzor of a nonclosed, piecewise-linear 3-manifold M3, If M3
is nonorientable assume p = 2. Then h(X) = n‘:‘;lHI where H, is a compact polyhedron
in Int M3, each component of H ; is a 3-manifold with no more than s + 1 boundary
components, and Hi+l Clnt H .

Proof. Let U be a neighborhood of A(X) in Int M3, It is sufficient to find a
compact polyhedron H C U such that each component of H is a 3-manifold with no
more than s + 1 boundary components and h(X) C Int H. Since X has property
uv(2, s; Z p) we can find compact polyhedra P and R contained in U such that
each component of P or R is a 3-manifold, P C Int R, h(X) C Int P, and for each
component P’ of P and R’ of R such that P' CR’' we have

p image [H (P'; Z p) — H,(R"; z?)] <s.

Suppose P' is a component of P and P’ is contained in R’, a component of R.
Let H' be obtained from P’ by adding to P' all components of the closure of
R’ — P’ that do not intersect dR’, the boundary of R’'. Note H' D P’, 9H' CP’,
each component of R' — H' meets dR’, and if P" is another component of P then
H' contains P or H' N P"=g.

H' has at most s + 1 boundary components. To establish this claim let § "
+++, §, be the boundary components of H'. Let | 12°**s J,_ be polyhedral arcs in
R’ such that ], pierces each of §; and S in exactly one pomt, ];n S =g for
j#iorr, and 6] CIR'. There exnst homomorphxsms d:H (R Z )-—-a Z, given
by computing the geometric intersection number mod p of a representauve of an
element of H (R VA ) with ] . Hence § 1,---, §,_, are carriers of independent
elements of H (R Zﬂ) Since 0H' C4P', r-1 < s. Hence r<s + 1 as claimed.

If H' and H are obtained from components P’ and P” of P, respectively, as
in the preceding two paragraphs then H' N H" = H', H", or @. Suppose not. Since
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P'N P" = & there exist components Q' of the closure of R’ — P' and Q" of the
closure R" — P” such that Q' N Q" # &, 90’ CP’, 90" C P, P' CQ", and P" CQ'.
Hence Q'u Q" is a closed 3-manifold contained in M3, an impossibility.

Now a maximal disjoint collection of the 3-manifolds H' will be the compo-
nents of the required H.

3. Simple moves in 3-manifolds. In this section we will develop the algebraic-
geometric background we need. This section relies heavily on results of D. R.
McMillan, Jr.

We will assume the reader is familiar with McMillan’s notation and results on
simple moves in an orientable, nonclosed, piecewise-linear 3-manifold M> (see
$2 of [18] and [20]). If we remove the requirement that M> be orientable, only the
definition of c(Z3), on p. 130 of [18] and p. 162 of [20], needs to be altered. Re-
define c(Z%) = 2 (3 - x(5))? where the sum extends over all closed surfaces § in
0Z> and x(S) is the Euler characteristic of S. Now McMillan’s results in $2 of
(18] and $2 of [20] hold for possibly nonorientable, nonclosed, piecewise-linear
3-manifolds M>,

We will basically retain McMillan’s notation in this section. Note 3-manifolds
are connected and M> will always be a nonclosed, piecewise-linear 3-manifold.
We deviate from McMillan’s notation by using superscripts on 3-manifolds (i.e., M3)
and dropping them on compact polyhedra each component of which is a 3-manifold
(i.e., W, instead of W?). Recall that unidentified arrows denote inclusion induced

homomorphisms.

Lemma 4. Let p =0 or a prime. Suppose Wi, Wy, Wy are compact polybedra
such that each component of W; is a 3-manifold, W, Clnt W,, and W, CInt Wi
Suppose that W is obtained from v, by an annexation of type 2 or a simple reduc-
tion in W, and that W, Clnt W. Let W' be a component of W and suppose W «
W CW are components of Wi, W,y Wy, respectively, such that W cw'. Tben

p image [H, (W}; zp) — H W' zp)] < p image [H (W, z)— H (W zp)]

and image[H (W'; Zp) - Hl(Wl'; Zp)] is a subgroup of image[Hl(W;; Zp) — HI(WI'; Zp)].

Proof. If W' = W2' we are done. So suppose W' # W;o If W is obtained from W,
by an annexation of type 2 then using the Mayer-Vietoris sequence of W' and the
closure of W' — W with coefficients z, [25, p. 218] we see that H (W z )—»
H,(W'; z ) is an ep1morph1sm. If Wis obtamed from W, by slmple reductlon then
using the Mayer-Vietoris sequence of W' and the closure of W, 5= W' with coeffi-
cients Zp we see that HI(W'; Zp) - HI(WZ'; Zp) is a monomorphism. These two
facts applied to the four appropriate diagrams yield the desired conclusions.
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Lemma 5 for orientable 3-manifolds is given in [21, Lemma 10.2]. We use
essentially the same proof. It is included here for completeness.

Lemma 5. Let M3 be a compact 3-manifold with nonempty boundary. Let p
be a prime and if M3 is nonorientable assume p = 2. Then

2p image [H,(0M%; Z ) — H,(W>; 2 )1 = pH (3M°; Z Rt

Proof. Let I = image[H, M3 z )—-»H (M3 z )] Note M3 is Z -orientable.
The exact homology sequence (Z coefflcxents) of the pair (M3, om3) may be

separated into two exact sequences thus:

0 — H,(M, OM) — H,(0M) — H,(M) — H,(M, M) —H (OM) =1 —0

l l l l
0 — H(M)—H(OM) — H (M, OM) —H (M) «—— T ——0

The vertical arrows represent isomorphisms given by Lefschetz duality [25,
p. 298] and the universal coefficient theorem [25, p. 244]. By exactness the alter-
nating sum of the ranks of the groups appearing in each row is zero. Hence our
conclusion follows.

Corollary 6 for orientable 3-manifolds appears in [21].

Corollary 6. Suppose T is a boundary component of a compact 3-manifold M3.
Let p be a prime and if M3 is nonorientable assume p=2. Then

2 p image [H,(T; Z,) — H, (M3 zp)] >p H(T; Z).

Proof. In this proof homology groups will be with Z, coefficients. Let D3
be the 3-manifold obtained by taking disjoint copies M3 M3 of M3 and identifying
corresponding boundary components by the identity map except for T, and T, the
copies of T. Suppose 2p image[H,(T) — HI(M3)] < pH (T). Then

2p image [H(T; UT,) — H,(D*)] < 4p image [H (T,) — 1, (D?)]
< 4p image [H (T) — H (M%)]

< Zle(T) = le(Tl V) Tz)’
which contradicts Lemma 5.
See the proof of [18, Theorem 2] for more details of the proof of Theorem 7.

Theorem 7. Suppose X is a compact subset of the interior of a nonclosed,
piecewise-linear 3-manifold M3, Suppose each component of X has property
uv(l, m; Z ) where p is a prime or zero and p = 2 if M3 is nonorientable. Then
there exzsts a compact polybedron Z in Int M> such that each component of Z is
a 3-manifold, X ClInt Z, and there exists a Z, obtained from Z by simple moves
in M3 such that each component T of 9z, satzs/zes pH (T; Z,) = pH (T; Z,)) < 2m.
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Proof. We may suppose M is compact. Assume p is a prime. According to
the Finiteness Theorem of Haken [7], [8], there exists a positive integer H such
that any collection of H or more disjoint, incompressible, polyhedral surfaces in
Int M3 contains a pair of surfaces that are topologically parallel. Using an ANR-
sequence for X in M3 of the type described in the remark in §2, we can find com-
pact polyhedra Z,,-.--, Zya such that

(1) each component of Z is a 3-manifold, i=1,+++, H+ 1,

2 z, ClInt M3 and Z, | Clnt Z, i=1,.-+, H,

3 if Zx+ is a component of Z, , and Z is the component of Z; that con-
tains Zi'+l then p image[H (ZHI, Zp) —H (ZI Zp)] <my i=1yeee H, and

(49 XCIne Z, .

Call an (H + 1)-tuple {Zl, e, ZH+1¥ admissible if it satisfies (1), (2), and
(3). Lemma 4 shows that if Z? is obtained from Z, by a simple annexation of type
2 or a simple reduction in Z,_, and Z,,, Clat Z?, then iZl,- ooy Z‘?,- . ZH+1}
is admissible. (The exceptional cases =1 or H + 1 are left to the reader.) Hence
there is an admissible (H + 1)-tuple {Z’i‘, cee, Z",_‘“l}, obtained from {Zl,--o, ZH+1‘
by simple annexations of type 2 or simple reductions, that admits no further such
moves. Any boundary component of Z¥ that is not a '2-sphere must be incompressible.
(See the proof of [18, Theorem 21.)

If some Z? has only boundary components of rank < 2m, that Z¥ is our required
Z, for Z = Z . So suppose each Z* has a boundary component T such that
pH (T z )> 2m. Now T, TH+1 are disjoint, mcomptessxble, polyhedral sur-
faces in Int M3 so some T T. i i <7, bound a parallelity component A in M3 (i.e.,
A is piecewise-linearly homeomorphxc to T, x [0, 1] and 94 = T, v T) By the
Lemma in [7, Appendix] we can assume j = i + 1 (we may need to replace T, by
another boundary component of Z}) and that Int A N (UH+l 9Z%¥) consists ennrely
of 2-spheres. Since A is 1rreduc1ble, A is contained in Z¥ except for the interiors
of finitely many disjoint 3-cells contained in Int A. Let Z} ' be the component of
Z* that contains Tk’ k=1 or i+ 1. Hence

p image [H z* R )'—' H (Z VA )] > p image [H (T, PRY Zp) —le(Z:f'; Zp)]

= p image [H)(T 5 Z ) — H(Z} Zp)] > m.
The last inequality follows from Corollary 6. But now the admissibility of {Z’i‘, ey,
Z;‘“l} is violated. The proof is complete for p a prime once we show that if T is
an orientable surface, le(T; Zp) = le(T; Zz)' But HI(T; Z) is a free abelian
group of rank twice the genus of T [15, p. 132]. So by the universal coefficient
theorem, pH \(T; Z) = pH (T; Z,)) = pH |(T; Z,).

Suppose p = 0. But uv(1l, m; Z) implies uv(1, m; Z,). Hence the above proof

yields the desired conclusion. The proof of Theorem 7 is complete.
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Theorem 8. Let M> be a nonclosed piecewise-linear 3-manifold. Let W,is=
l,++, k, be compact polybedra in Int M3 such that each component of W, is a 3-
manifold and W”l Clnt W. Let Z be a compact polybedron in Int W, such that
each component Q3 of Z is a 3-manifold that has free image in some W, (e,
there exists a component R3 of W, such that 03 CR3 and image[ﬂl(Q3) —-»171(R3)]
is a [ree group). Then by applying extended simple moves to Z in M3 we can
obtain a Z, such that each component of Z  is simply connected.

Proof. Let ! be the smallest integer such that each component of Z has
free image in some W_, s <I. We will induct on L

Suppose ! = 1. Apply Theorem 1 of [20] to each component of W, with P being
the property of being a trivial group.

Suppose I > 1. There exists a Z, obtained from Z by extended simple moves
in W, and such that Z, admits no further extended simple moves in W;. Let Qz
be a nonsimply connected component of Z,. Let Q3 be Q?’s ancestor in Z. By
[20, Lemma B*] since Q‘3 has free image in W, s </, Q% has free image in W
But if Q3 has free image in W, then Theorem 1 of [20] implies that Qi is simply
connected. Hence each component of Z, has free image in some W_ where s <
I - 1. By inductive hypothesis there is a Z obtained from Z, by extended simple
moves in M> such that each component of Z, is simply connected. Z is our
required polyhedron.

Caution. Theorem 8 asserts only that there exists some way to obtain the
required Z . Often there are Z ’s obtained from Z by extended simple moves in
M3, that admit no further extended simple moves, and do not even have components
with free fundamental group. This contrasts with Theorem 1 of [20] in which every
Zg that admits no further extended simple moves satisfies the conclusion.

A piecewise-linear 3-manifold P> is irreducible if every polyhedral 2-sphere
in Int P3 bounds a 3-cell. P3 is prime if every polyhedral, separating 2-sphere
in Int P3 bounds a 3-cell. If P 2 and P g are piecewise-linear 3-manifolds the
interior connected sum, denoted by P? # Pg, is obtained by choosing polyhedral
3-cells Bi, Bg in Int Pi, Int P;, respectively, removing Int B? and Int Bg, and
identifying 6Bi and dB ; by a piecewise-linear homeomorphism.

Lemma 9. If R? is a compact, irreducible, piecewise-linear 3-manifold that
bas free fundamental group, then R is a handlebody or a homotopy 3-sphere.

Proof. Suppose R? is closed. The only incompressible, 2-sided surfaces that
R3 can contain are 2-spheres. Theorem 1 of [27] shows 7,(R 3) is trivial. Hence
R} isa homotopy 3-sphere.

Suppose dR3 £ & and JR3 contains a surface other than a 2-sphere. By the
loop theorem [26], R admits a simple reduction to R, (possibly not connected).
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Note each component of R, is irreducible and has free fundamental group. Hence
there is a compact polyhedron Z such that each component of Z is a 3-cell and Z
is obtained from R> by a finite number of simple reductions. Since R3 is obtained
from Z by adding a finite number of solid 1-handles, R? is a handlebody.

Theorem 10. Suppose R3 is a compact, piecewise-linear 3-manifold with free
fundamental group. Then R3 is piecewise-linearly homeomorphic to an interior
connected sum of a finite number of handlebodies, irreducible homotopy 3-spheres,
and S? bundles over S, (S™ denotes the n-sphere.)

Proof. The finiteness theorem [7], [8] implies that R> is piecewise-linearly
homeomorphic to a finite interior connected sum P% #ooodt PZ of prime 3-manifolds.
The proof of Lemma 1 of [24] shows that any prime 3-manifold that is not irreducible
is an 2 bundle over S!. Since the fundamental group of R3 is isomorphic to the
free product of the fundamental groups of P?, ceey Pz, each P 13 has free funda-
mental group. By Lemma 9 each irreducible P? is a handlebody or a homotopy 3-

sphere.

4. 1-dimensional compact sets. In this section we investigate the relationship
between arc pushing properties, separation properties, and definability by handle-
bodies for compact sets of dimension no larger than one.

Suppose ¢ > 0. A handlebody H> is e-thin if there exists a collection Biseee,
B, of polyhedral 3-cells such that Ule B, = H3, B, N B]. is either empty or a
polyhedral 2-cell D, for i £ j, B,NB,NB, =g for i, j, and k distinct, and
each B, has diameter less than e.

Remarks. (1) The union of any subcollection of B 12°**» B, is a collection of
e-thin handlebodies. (2) If T is a triangulation of a 3-manifold of mesh less than
e and L is a I-dimensional subcomplex of T, then a second derived regular neigh-
borhood of L yields a 2¢-handlebody. The required B, correspond to the stars of
the vertices of the induced first derived subdivision of L. (3) Suppose G is a
polyhedral, finite graph in Int H> such that G N D,; is exactly one point for all
D, /s and we can consider B, to be a piecewise-lir;ear cone over dB; such that
G NB; corresponds to a piecewise-linear subcone over G NJB .. Then H? e-re-
tracts onto G by a retraction that maps B into B, for all i. (4) Suppose H? isa
subpolyhedron of the interior of a 3-manifold M> and G is a graph as described in
Remark (3). Suppose N is a regular neighborhood of G in Int H> such that N N
D, ; is a 2-cell for all D, ;- Let U be a neighborhood of H>. Then there is a
piecewise-linear e-homeomorphism (i.e., moves no point as much as €) f of M3
onto itself such that f(N) = H3, f(N N DI.’].) =D, ,, and { is the identity off U.

Suppose X is a proper, compact subset of the interior of a piecewise-linear
3-manifold M3, (Keep this notation for the remainder of the paragraph.) X is



COMPACT SETS DEFINABLE BY FREE 3-MANIFOLDS 235

definable by e-thin handlebodies if X is definable by 3-manifolds each component
of which is an e-thin handlebody. X is definable by thin handlebodies if, for each
€ >0, X is definable by e-thin handlebodies. X has the (strong) arc pushing prop-
erty if, given € > 0 and a polyhedral arc A contained in Int M3 such that X N 9A
= &, there is a piecewise-linear (¢)-homeomorphism b of M3 onto M3 such that b
is the identity outside the e-neighborhood of X and h(A) N X = & (McMillan [16]
has shown in orientable 3-manifolds the arc pushing property is equivalent to being
definable by handlebodies. No essential change in his proof is needed to drop
orientability. The arc pushing properties have also been investigated in [4], [5],
[23D.

The proof of Lemma 11 is immediate from Remark (1).

Lemma 11. Suppose X is a compact, proper subset of the interior of a piece-
wise-linear 3-manifold. Suppose Y is a closed subset of X. If X is definable by
thin bandlebodies, then Y is definable by thin bhandlebodies.

Lemma 12. Suppose X is a compact metric space. X bas dimension less than
or equal to one if and only if there is an embedding of X in E> that is definable
by thin bandlebodies.

Proof. If dim(X) < 1, then X embeds in M, Menger’s universal 1-dimensional
curve [11]. Lefschetz [11, p. 529] embeds M in E> so that M is definable by thin
handlebodies. (See Remark (2).) Hence by Lemma 11, X embeds in E> so as to
be definable by thin handlebodies.

Using Remark (3), we see that if X is definable by e-thin handlebodies, X e-

maps onto a finite graph. Hence X is at most 1-dimensional.

Theorem 13. Suppose X is a compact, proper subset of the interior of a piece-
wise-linear 3-manifold M3. The following statements are equivalent.

A. X is definable by thin bandlebodies.

B. If p and q are distinct points in X there is a tame (i.e., definable by 3-
cells in M3), compact, 0-dimensional subset of X that separates p and q.

C. X bas the strong arc pushing property.

Proof. We can assume M3 is compact. In order to show statement A implies
statement B, let p and g be distinct points of X. It is sufficient to find a tame
2-sphere in Int M3 that separates p from ¢ and intersects X in a 0-dimensional
set. Let S be a polyhedral 2-sphere in Int M3 that separates p and q. There is
a 6 >0 such that if » is a -homeomorphism of M? onto M? , then b(S) separates
p and gq. In view of the method for constructing homeomorphisms given in [2,
Theorem 7.1}, it is sufficient to show that given ¢ >0 and a polyhedral 2-sphere
S, in Int M3 there is a piecewise-linear echomeomorphism [ of M3 onto itself
such that f(S,) N X has components of diameter less than €. Suppose ¢ >0 and a
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polyhedral 2-sphere §, in Int M3 are given. There exists a disjoint collection
H%,- ooy Hf of e-thin handlebodies in Int M3 whose union contains X. Let U,
«++, U, be disjoint neighborhoods of Hi, e, Hf, respectively. Let H> be one of
H%, cee H3 and U be the corresponding U,,-++, U . Recall the notation used in
defining H3 as an e-thin handlebody. We can assume that no D, i is entirely
contained in §,. Hence we can pick a graph G, as in Remark (3) such that, for

all D , GN S N D = @. Now select a regular nexghborhood N of G in H3

as in Remark (4), such that NnS, NnD, i = & for all D, s Hence there exists
a piecewise-linear e-homeomotphxsm g of M? onto itself such that g is fixed off
U, g(N) = H3, and g(N N D, ) =D, .. Therefore each component of g(S,) N H? is

contained in some B and hence has diameter less than €. Let g,---, g_be the
homeomorphisms obtamed for H? v H 3 , respectively. Let [ be the composition
of gs+++, g,» Each component of /(Sl) n U, H?) has diameter less than e.

So each component of /(Sl) N X has diameter less than ¢. Hence [ is our required
homeomorphism.

We will now show statement B implies statement C. Assume statement B
holds. We can strengthen statement B by the following observations. The alter-
native proof of Theorem 6.1 of [2] and Theorem II 2 of [10] show a finite union of
tame, 0-dimensional, compact subsets of Int M3 is a tame, O-dimensional compact
subset. By simple compactness arguments we can establish the following two
statements in order. If p € X and Y is a closed subset of X that misses p then
there is a tame 0-dimensional compact subset P of X that separates p from all
points of Y — P. If € >0 there exists a tame, 0-dimensional, compact subset P,
of X such that each component of X — P_ has diameter less than e.

Suppose € >0 and A is a polygonal arc in Int M3 such that X N 9A = &.
Since X contains no open subset of M3, there is a piecewise-linear ¢/3-homeomor-
phism b of M3 onto itself such that b is fixed off the ¢/3-neighborhood of X and
each component of h(A) N X has diameter less than ¢/3. Let A TEERN At be dis-
joint subarcs of h(A) of diameter less than ¢/3 such that A, NnX #& and X C
Ui Int A Let U,--+, U, be disjoint neighborhoods of A ,+-+, A, respec-
tively, of diameter less than ¢/3. In the remainder of this proof our homeomorphisms
will be fixed off U:.=1 U;. Note U:=1 U, is contained in the é-neighborhood of
X. Let Dyy+-+, D, be polyhedral 2-cells such that D, CU, D, N h(A) = A, and
A,N dD, =JdA,. Since JA; misses X we can find disjoint subarcs Ai', A;' of
aDi such that Ai', Al'.' miss X and Ail’ A;’ each contain one endpoint of Ai'

Let E/, E; be the closures of the two components of dD,~ (A] UA]). Let & be
the minimum of the distance from El.' to E;’, i=1,¢+¢, t; the distance from X to
Al.'u Alf', i=1,+++, t; the distance from X to the closure of h(A) - :-_-l A

There exists a piecewise-linear /3-homeomorphism f of M3 onto M? such that /

is fixed off
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0 U, /é(A) U (0 Di)> Nnxc 0 /(Di— (A’i UA';,)),

i=1 i=1 =1
and f(|J_, D) misses Ps,5. (Pg,; is defined in the preceding paragraph.)
Therefore each component of f(D,) N X has diameter less than /3. Note no com-
ponent of /(D)) N X separates f(Ai') from f(A :) in /(D) since /(Ei') and f(Elf')
are at least a distance 8/3 apart. In /(D)) select a polyhedral arc A% such that
A¥ N [@D)=[(9A) and A* misses X. There is a piecewise-linear ¢/3-homeomor-
phism g such that g is fixed off :.=1 U, g/(Ai) =AY and g is fixed on
f(B(4) - (Ui, Int A)). Now gfh is a piecewise-linear e-homeomorphism fixed
off the e-neighborhood of X such that gfh(4) N X = &.

In conclusion we will show statement C implies statement A. Let U be a
neighborhood of X in M3 and suppose € > 0. Let W be a compact polyhedron in
U such that each component of W is a 3-manifold and X C Int W. Suppose T is a
triangulation of W such that the mesh of T is less than ¢/18 and T". is a second
derived subdivision of T such that no new vertex of T' lies in X. (X contains no
open set.) Let T(D be the 1-skeleton of T and Ty be the dual 1-skeleton (i.e.,
the collection of all 1-simplexes and vertices of T' that miss 7). Let H!, H,
be the simplicial neighborhoods of T(1, Tiqy respectively, in T". Then H'uy H,
=W, H'n H, C oH' N dH, and H!, H, are collections of ¢/9-thin handlebodies.
(See Remark (2).) Let A},--+, A be the 1-simplexes of Ty The endpoints of
A,+++, A  miss X. Apply the strong arc pushing property to inductively choose
€0 bi’ 1 <i<s; such that € is less than ¢/9s, €; is less than the distance from
Xtoh, j-- bl(A1 UeeeU A, Vs €, is less than the distance from X to 8Ai+l
1*ob(OW) =W, and b,
is a piecewise-linear ¢ ,-homeomorphism of M> onto itself such that hb,_yeee hl(Ai)

U.ss UOA s € is less than the distance from X to bi-

NX=g@. Let h=h_++-h,. Then b is a piecewise-linear ¢/9-homeomorphism of
M3 onto M3 such that A(W) = W and b(T(l)) N X = @. Note h(HY), b(Hl) are col-
lections of €/3-thin handlebodies. Let N be a nice regular neighborhood of

b(T(l)) in h(H)) that misses X. There is a piecewise-linear ¢/3-homeomorphism

f of M3 onto M3 such that [b(H,) misses X, fb(Int W) contains X and [h(W) C U.
(The inverse of the type of homeomorphism promised in Remark (4) is almost our

(1y intersects dH,.) Hence [h(HY) is
a collection of e-thin handlebodies contained in U that contain X. The proof of

f- The situation is slightly changed since T

Theorem 13 is complete.

Corollary 14. There is an embedding b of Menger's universal 1-dimensional
curve M in E® and distinct points p and q in b(M) such that (1) every 0-dimen-
sional compact subset of h(M) that separates p and q is wild, and (2) every tame
surface in E> that separates p and q must intersect (M) in a 1-dimensional set.
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Proof. The embeddings of M given in [4], [5], [23] all suffice in view of
Theorem 13. Bothe [5] even gives an embedding definable by handlebodies.

5. Main theorem and corollaries. Our main result is the following theorem.

Theorem 15. Suppose m and | are nonnegative integers and that p is either
zero or a prime. Let Y be a compact metric space such that each component of Y
bas properties uv(1, m; Zp), uv(2, I Zp) and UVF. Suppose X is a compact
metric space and Sh(Y) > Sh(X).

Let b be a topological embedding of X into the interior of a nonclosed, piecewise-
linear 3-manifold M3, If M3 is not orientable assume p = 2. Then h(X) = N
where H; is a compact polyhedron in Int M3 such that each component of H is

a S-mamfold with free fundamental group and at most 1 + 1 boundary components,
and H, ClntH,

Proof. We can assume M? is compact. Suppose h(X) C U C M3 where U is an
open set. It is sufficient to find a compact polyhedron H C U such that each com-
ponent of H is a 3-manifold with free fundamental group and at most /+ 1 bound-
ary components, and such that 5(X) CInt H. Note that Theorem 1 and Lemma 2
imply that h(X) has properties uv(l, m; Z o w2, 5 Z ), and UVF.

Recalling the remark in $2 and Theorem 3 we can fmd compact polyhedra W,
ceey, Wk’ whose components are 3-manifolds, such that

(D Wi+l Clnt Wi i=0y00e,k-1, XClnt Wk’ W0 cu,

(2) each component of W, has at most [+ 1 boundary components,

(3) for each component W +1 °f Wi the inclusion mduced homomorphism
w (W ) — 7,(W)) factors through a free group, i = 0,eee, k=1 (Wl is the com-
ponent of W, that contains Wl ), and

(4) k> (pH (M3 Z,) + 1 + 1)2m +pH (M35 Z)) + 1

By Theorem 7 we can find compact polyhedra Z and Z, such that each com-
ponent of Z is a 3-manifold, 5(X) CZ ClInt W,, Z, is obtained from Z by simple
moves in W,, and every component T of 0Z, satisfies le(T; Zp) =pH l(T; 22)
<2m. Let L,+++, L be the components of W, —Int Z  that do not intersect
OW,. Let V=Z UL U...UL_Clat W,. Note 9V COZ .

Our goal in the next few paragraphs is to show each component of V has free
image in some W. Let Q3 be a component of V and W be the component of W,
that contains Q3. Since W has at most [+ 1 boundary components, W - Int Q3
has at most [+ 1 components. Hence M> —Int 0 has at most / + 1 components.

We will now show Q?’ has at most pHZ(M H Zz) + 1+ 1 boundary components.
Suppose §,,+++, S, are the boundary components of Q3 M3 — Int 03 has r <l+1
components, and § TRRET) S are numbered so that § tmrpl?”

» S, lie in different
components of M3 - Int Q3 Since M3 - (S UeeeU s, ) is connected, Sppeees
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;, are carriers for linearly independent elements of H 2(M3 3Zy). So t=r<
sz(M3; Z,)and t < pI-IZ(M3; Z,)+1+1 as asserted. Hence le(an'; Z,)<
(pH, M3; z ;) + I+ 1)2m. Using the Mayer-Vietoris sequence for 0% and
the closure of M> - 03 with coefficients Z 5» We see that
imagelH,(00%; Z,) — H,(Q3, Z,)] contains ker[H (Q 3 Z,) — H (M35 Z,)],

Hence
pH,(Q3; Z,) < p image [H,(0%; 2.) — H,(M?; Z)]
+pker[H,©Q% 2,)) = H ,(M?; Z,)]
<pH,(M3; Z,) + pH (80%; Z )< K- 1.

We will use primes to denote components. There are components W see,
W, of Wo,««+, W, such that Q> C W, C +++C Wy, Recall that 7, (W)) =7 (W;-I)
factors through a free group F . Let f "I(Wi) —F,andgg: F, —m (W ) be
factoring homomorphisms. The following diagram is consistent. We define b=
1183 F; 7 Fiye

m@*) = m W) = a W V> m W) — 7 (W)

ZAWN;

Foa
b1 hy

Let I.= image[frl(Q3) —-»Fl.], i=1,e+, k. Let 6,=h,|, . Note that 6,
1

i=2,+**, k, is an epimorphism. Hence pI, >pl, >+ >pl; > 0. Consider
the consistent diagram

f
m, Q%) mw) 2,
Hl(Qs) #;]k
H,©@% z,) »],®Z,

where the top vertical arrows represent abelianization epimorphisms, J & is the
abelianization of I,, the middle horizontal arrow is the epimorphism induced by
the top half of the diagram, the bottom vertical arrows are tensor product epimor-
phisms, and the bottom horizontal arrow is the epimorphism induced from the
diagram. Since I, is a free group, pl, = pl,=pl, ® Z,. Therefore,

pl, < le(Qs; Z,)<k~-1. I follows that, for some i, I;and I,_, are free groups
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on the same number of generators. So by [12, p. 312] 0, is an isomorphism,
gill. is a monomorphism, and so Q3 has free image in W;_l.

lNow we can apply Theorem 8 to find a V; obtained from V by extended simple
moves in U such that each component of V, has free fundamental group. Recall
that A(X)CZ C U, Z0 is obtained from Z by simple moves in U, and Z,CV. By
applying [20, Theorem 1*]we can find a compact polyhedron R in U such that each
component of R is a 3-manifold with free fundamental group and »(X)C Int R.
Hence h(X) is definable by free 3-manifolds.

The R we obtained in the preceding paragraph satisfies the conditions we
require for H except possibly some component of R may have more than !+ 1
boundary components. Keep the notation of the preceding paragraphs. Let P be
a compact polyhedron in Int R such that each component P' of P is a 3-manifold
with free fundamental group, h(X)C Int P, and p image[H,(P'; Z )

H (R z )] < I where R' is the component of R that contains P'.

Usmg Theorem 10 we see that P’ is homeomorphic to P # oo #P_ where
each P, is either a homotopy 3-sphere, § 2 bundle over S!, or a handlebody. Let
Tys+++5 T,y be disjoint, polyhedral 2-spheres in P’ such that the components
of P'cut along T,,+++, T,_, are equivalent, in the sense of Milnor [24], to
P ,+++, P,. Note that if ] is a boundary component of P', then | plus some sub-
collection of T,,+-+, T,_; bounds a compact 3-manifold N] cP'. (N] is homeo-
morphic to a handlebody minus the interiors of a disjoint collection of 3-cells.)

Let C be a small regular neighborhood of T U +++ U Tr pin P'. Let
Upy e U be the components of R’ - Int C and Vl' . V be the components
of P'- Int C. Note dU; NnInt R'and ov; N Int P’ consist of 2-spheres. Hence
each U; and V; has free fundamental group. Let D be C union the U,’s that miss
drR'. Each component of D has free fundamental group and 2-sphere boundary
components. Let H'be D union the V’s that miss Int D. Note H' is connected,
m,(H'") is free, 0H'C 9P', and H'D P’, If N is a component of R’ - Int H' that
misses dR’, let J1s¢++s ], be the components of N N H'. Then N UNJ Useo

UN 1, contains some U; that should have been added to C to obtain D. Hence

each component of R'~Int H' must intersect 0R'. Note also that if P" is another
component of P then H' contains P"or H' N P"=@&. Now the last three paragraphs
of the proof of Theorem 3 apply to give us our required H. The proof of Theorem
15 is complete.

A (homotopy cube-with-bandles) homotopy handlebody is a 3-manifold homeo-
morphic to the interior connected sum of a homotopy 3-sphere and a (cube-with-
handles) handlebody. The meaning of being definable by homotopy handlebodies
(or homotopy cubes-with-handles) should be clear.

If X is a compact metric space Borsuk [3] says the fundamental dimension
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of X is less than or equal to one, written Fd(X)< 1, if there exists an at most 1-
dimensional compact metric space Y such that Sh(Y) > Sh(X).

Corollary 16. Suppose m is a nonnegative integer and p = 0 or is a prime.
Suppose X is a compact metric space such that each component of X has proper-
ties uv(l, m; Z ), uv(2, 0; Z )and UVF. Suppose b is a topological embedding
of X into the mtenor of a nonclosed piecewise-linear 3-manifold M3, If M3 is
nonorientable assume p = 2, Then (1) h(X) is definable by homotopy handlebodies
and (2) If M3 is orientable, h(X) is definable by homotopy cubes-with-handles.

Proof. (2) follows from (1). By Theorem 15 we know that h(X) is definable
by free 3-manifolds each component of which has connected boundary. Let U be
a neighborhood of A(X) in M> such that P image[Hz(U; Zp) — Hz(M3; Zp)] =0. Tt is
sufficient to show that any compact piecewise-linear 3-manifold contained in U
with free fundamental group and connected boundary must be a homotopy handle-
body. Suppose w3 is a compact, pxecewxse-lmear 3-manifold in U with 7 (W3 )
free and dW? connected. By Theorem 10, if W3 is not a homotopy handlebody
then W contains a nonseparating, polyhedral 2-sphete S. But SC Uand S is
the carrier of a representative of a nontrivial element of H, (M3 z ) Our choice
of U makes this impossible. Hence W3 must be a homotopy handlebody.

Corollary 17. Let m be a nonnegative integer and let p = 0 or a prime. Supe
pose X is a compact metric space such that each component of X has property
uv(l, m; Z p)» Let b be a topological embedding of X into the interior of a non-
closed, pzecewzse-lmear 3-manifold M>. If M3 is nonorientable let p=2. Then
(1) if the dimension of X is < 1, h(X) is definable by handlebodies, and (2) if
Fd(X)< 1, then h(X) is definable by homotopy handlebodies.

Proof. If the dimension of X is < 1, by Lemma 12 we can embed X in E> so
as to be definable by thin handlebodies. Hence X has properties uv(2, 0; Z p)
and UVF. By Corollary 16, h(X) is definable by homotopy handlebodies. Using
Theorem 4 of [23] we see that we can choose the homotopy handlebodies to be
handlebodies.

I Fd(X)<1 there exists a compact metric space Y such that dim(Y)< 1 and
Sh(Y) > Sh(X). By Lemma 12, Y has properties UVF and uv(2, 0; Z p)' Hence by
Theorem 1, X has the same properties. Using Corollary 16 we see that A(X) is
definable by homotopy handlebodies. The proof is complete.

A continuum is a compact connected metric space. A topological space is
locally n-connected, n > 0, if the space is locally connected in dimension i for
0<i<n. See [9].

Lemma 18. Let p = 0 or a prime and let n be a nonnegative integer, Suppose



242 W. H. ROV, JR.

X is a locally n-connected continuum contained in the interior of a nonclosed,
piecewise-linear 3-manifold M. Then there exists a compact, polyhedral 3-
manifold N? such that

XClInt N>, N?Clnt M3,
image [H (X; zp) — Hi(M3; z p)] = image [H (N*; Z p) — Hi(M3; z p)]

for 0<i<mn+1,

and

image [ﬂl(X) — ﬂl(M3)] = image [ﬂl(NS) — ﬂl(Ma)].

Proof. We may assume M> is compact. Since M? is an ANR there is an
€> 0 such that any two e-close maps from a compact metric space into M? are
homotopic. There exists a 0 > 0 such that if N? isa compact polyhedral 3-
manifold in the §-neighborhood of X and 0= 2 n, ;9 is a 8-small i-cycle in N3
(i.e., each singular i-simplex o; has diameter less than &, o; C N3, n; belongs to
V4 p? and o represents an element of H (N3 z )) there is a singular z-cycle a'
2",", in X such that 0; and a are e-close fot each j. (See Theorem 4.1 of Chap-
ter 5 of [9].) Hence oand o' represent the same element of H (M3 VA ) We leave
the proof of the condition on images of fundamental groups to the reader.

Addendum. If, for some i< n+1, H/(X; Z,) is finitely generated, then X
has property uv(i, m; Zp) where m = pH (X; Zp).

The last two corollaries of Theorem 15 are stated only in terms of a con-
tinuum. Of course there are similar corollaries where we apply the hypotheses
to the components of a compact set.

Corollary 19. Suppose X is a compact ANR and b is a topological embedding
of X ‘into the interior of a nonclosed, piecewise-linear 3-manifold M. Let p=0
or a prime. If M3 is nonorientable assume p = 2. Then (1) h(X) is definable by
free 3-manifolds if and only if m,(X) is free, and (2) h(X)is definable by homo-
topy handlebodies if and only if m (X) is free and X has property uv(2, 0; Z p).

Proof- Let N3 be a compact, polyhedral 3-manifold in Int M> such that
h(X)C Int N3 and N3 retracts onto h(X). Note the inclusion A(X)C N3 induces
monomorphisms on homology and homotopy groups. We will prove (1). The proof
of (2) is similar. If A(X) is definable by free 3-manifolds then 7,(X) is free.
By Lemma 18 and the Addendum, X has properties uv(l, m; Zp) and uv(2, /; Zp)
for m = pH,(X; Zp) and [ = pH,(X; Zp). Again by Lemma 18 we see X has prop-
erty UVF. By Theorem 15 we are done.
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Corollary 20. Suppose X is a continuum and b, b, are topological embed-
dings of X into the interiors of nonclosed, piecewise-linear 3-manifolds Mi’, Mg,
respectively, Let p=0 or a prime. If either Mi or M; is nonorientable, assume
p=2. Then (1) If X is locally l-connected and H,(X; Zp) and HZ(X; Zp) are
finitely generated, then b (X) is definable by free 3-manifolds if and only if
b,(X) is definable by free 3-manifolds, and (2) If X is locally O-connected and
H,(X; Zp) is finitely generated, then b (X) is definable by homotopy handle-
bodies if and only if b(X) is definable by homotopy handlebodies.

Proof. Considering (1) we see that by the addendum to Lemma 18, X has
properties uv(l, m; Zp) and uv(2, /; Zp) for m = pH, (X; Zp) and I = pH,(X; Zp).
If either bl(X )or bZ(X ) is definable by free 3-manifolds, then X has property
UVF. By Theorem 15, (1) holds.

For (2) note that X has property uv(l, m; Zp) where m = pH,(X; Zp). If
either h,(X) or 5,(X) is definable by homotopy handlebodies then X has proper-
ties UVF and uv(2, 0; Zp). Hence by Corollary 16, (2) holds.
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